The Wigner representation formalism is applied to investigating the effect of the momentum-coordinate commutation relation ~n the d.c. and Hall conductivities of a system of noninteracting electrons moving in a· potential :field of randomly distributed impurities. The conductivities are expanded in powers of A and the second-and fourth-order terms are shown to vanish within the Born approximation, as far as the expansion is reasonable. This situation is discussed in comparison with the result of the kinetic theory. § I. Introduction
The quantum operators of momentum and coordinate do not commute. As is well known, this fact leads to the momentum-coordinate uncertainty. The effect of this uncertainty can be discussed by examining the dependence of physical quantities on It which is the Planck constant divided by 2rc. h-expansion is systematically done by use of the Wigner representation 1 >· 2 > in which one can directly calculate contributions from each order term in h.
In this pa'per we discuss the quantum effect on the d.c. and Hall conductivities, i.e., whether the conductivities increase, decrease or otherwise are affected when the momentum-coordinate uncertainty is introduced to a classical system. Several years ago, Kubo 1 > presented a description of quantal systems in terms of the Wigner representation, and pointed out that the magnetic field comes into the expression of the Hall conductivity in two ways, firstly in the propagation of current and secondly in the equilibrium distribution. The latter contribution is proportional to h 2 , i.e., essentially quantal, and shown to give the Landau diamagnetism of conduction electrons. However, the usual naive theory of the Hall conductivity seems to neglect this contribution. We will show that such a neglection is allowed when the scattering potential is very weak 'compared with the kinetic energy.**>
The general formulae for the conductivities in the Wigner representation have been given by Kubo. 1 > To simplify the explicit calculations, we assume that the relaxation of the electron system is dominated by the scattering by randomly distributed static impurities. We consider no other interaction, therefore, the quantum effect comes only from the coordinate dependence' of the impurity potential. *l In this work we seek the conductivities to the lowest order of the impurity potential. This approximation corresponds to the quantum Born approximation and will be simply called the Born approximation~ The validity of this approximation is related to the weakness and the space dependence of the impurity potential and to the density of impurities. On the other hand, h-expansion is related only to the coordinate dependence of the impurity potential, as is easily seen from the form of the Liouville operator (see § 2) . Thus, if the impurity potential is suf-:ficietly weak (compared with the kinetic energy) and the density of the impurities is low enough, we can consider h-expansion within the framework of the Born approximation. With respect to this point we will give some comments in the last section. Anyway, we show formally that the quantum correction up to the fourth order of h does not appear within the Born approximation, as far as Itexpansion is possible. This is consistent with the result of the kinetic theory. Furthermore the quantum correction related to the change of the equilibrium distribution is shown to, be of higher order in the strength of the impurity potential than the Born approximation. If one wants to discuss the contribution from the equilibrium distribution to the quantum correction, one must calculate a number of terms which give contributions of the same order in the impurity, potential strength.
The Coulomb potential is the typical one for which the Born approximation in the sense stated above is not valid. In this case the result of the kinetic theory, which is also obtainable by the Wigner representaion, shows that the momentum-coordinate uncertainty saves the difficulty which is due to the divergence of the potential at the origin.
In § 2, we formulate the problem in terms of the Wigner representation, and in § 3, a graphical method is introduced for the expansion of the conductivities with respect to the impurity potential. In § §4 and 5, we, calculate the d.c. conductivity in the classical limit (h-'>0) and its quantum correction, respectively, both within the Born approximation. The same procedure is applied to the Hall conductivity in § 6. Section 7 is dedicated to the comparison with the kinetic theory, which provides us with a good insight into the properties of the higher-order terms in h. The validity of the expansion is discussed in § 8. In § 9 we will state some concluding remarks including comments on the validity condition for the Born approximation. § 2. Formulation ·In what follows, we consider a system of non-interacting electrons moving in the potential field of randomly distributed impurities. The total Hamiltonian for each electron in the presence of electric and magnetic fields may be written as
and (2·2) where !}{0 describes the free motion of the electron, !JCr the interaction between the electron and impurities, !J(F and !f{H the. interactions of the electron with the applied uniform electric and magnetic field, respectively. These Hamiltonians are explicitly expressed as
where N. is the number of.impurities, -e the charge of an electron, and V(r-Rt) the interaction potential between an electron located at r and an impurity at Rt.
The electric field is applied along the x-axis. As is usual in the calculation of the Hall conductivity, we take the direction of the magnetic field, which is related to the vector potential A as rot A= H, to be parallel to the z-axis, i.e., perpendicular to the electric field.
We apply the Wigner representation to the above-mentioned system. The details of the procedure have been given by Kubo In the following discussions, we shall confine ourselves to the first order with respect to the magnetic field, i.e., the weak field limit.
The-equilibrium distribution function in the absence of electric fibld is obtained by solving (2·14) Expanding f eq in the power of h, we have the following result to the second power of h,
and the following abbreviation is employed: 
and higher-order terms such as 0"~4f, 0"~4f and so forth can be written similarly, but theY' are too lengthy to be presented here and have been omitted. Up to this point the expansion with respect to h is. exact if it is possible. For the explicit evaluation of the tensor given above, one has to expand each element in the power of the impurity potential and to take an ensemble average over the configurations of the impurities. In the following section, we introduce a graphical method for clearer understanding of the problem. § 3.
Graphical method
In this section we describe a graphical method to treat the impurity potential, which is included in the equilibrium distribution function, i.e., / 0, /2,/2H and so on, and in the Liouville operators, i.£0, i.£2 and so on. In order to take an average over the random configurations, we sion with respect to the impurity potentiaL which is useful for this purpose.
The definition of the ensemble average as follows: The impurity potential VI(r) Fourier integral:*> have to perform a systematic expan-W e develop here a graphical method over the configurations is described is transformed into the form of· a
then the average over the ·configuration in the thermodynamic limit 1s expressed
and so forth, where n, js the concentration of the impurities. For a while, we take 0"~0_f as an example. In the expression of 0"~0_f, Eq.
(2 · 23), the impurity potential is included in i.£0 and / 0, the latter appearing in both of the numerator and the denominator. Expanding (z -i.£0)-1 in powers of the impurity potential and averaging over the confingurations, we have, for example, such diagrams as shown in Figs. 1 (a) to (c) for the fourth power of the potential. We assign n, and Vk to each cross and to each dotted line, respectively, the latter of which will be called the interaction line. The horizontal line and each point on it (the foot of the interaction line) represent the operators :figurations.
95
The contributions from fo in the numerator will be expressed for example as in Figs. 1 (d) and (e), where a vertical line is used to distinguish the source of Vk's. Some numerical factors are needed for the contributions from j 0, because V1 is included in fo as e-flVr. However the terms related to fo are found to be unnecessary for further manipulations in this paper (see the next section). Therefore we shall not be bothered any more by the contributions from fo's in the numerator and denominator.
In order to clarify the correspondence between the diagrams and the explicit expressions, we write the following expressions equivalent to Figs. 1 (a) to (e): The last one is due to the fact that the impurity potential V(r) is real. In calculating other terms, i.e., 0'~0.f, O'~f and so on, we will introduce other diagrammatic notations corresponding to the operators i..[H, i.£2, i.£, and so on, about which explanations will be given where they are necessary.
If one sums up the contributions from all the possible diagrams, one has exact expressions for the conductivities. However, it seems impossible, therefore in the following sections we employ an approximation and sum selectively certain kind of diagrams. § 4. D. C. conductivity in the classical limit
In this section we evaluate <O'~f (0) ), using an approximation which will be valid in the case of a weak impurity potential.
At first, among those diagrams having the same number of crosses which represent n, we take a group of diagrams with the least number of impurity lines. Next we pick up from the group such a diagram as gives the most divergent contribution (in the group) in the limit z~o (the static limit). It will be called "the n-th Born term" where n is the number of the crosses. One easily finds the n-th-order Born term for the d.c. conductivity to be of the form ! (n.l ~k~2r The summation of the diagrams depicted in Fig. 2 is formally a Neumann expansion of an reciprocal operator shown in Fig. 3 . Therefore, using a dif- 
" ' However if one assumes a screend-Coulomb-ty pe potential for Vk, the integration will be divergent for n>3.
Making use of the relation 
which is of the order of inverse square of the impurity potential. If one adds non-Born terms, one will have higher-order terms with respect to the impurity potential as corrections to the above expressions. When the potential is sufficiently weak, thes~ corrections will be small. § 5. On the quantum corrections to the d.c. conductivity
The quantum corrections to the d.c. conductivity are estimated within the Born approximation. It is easily seen that the contributions from f 2 belong to , Fig. 5 .
First, we evaluate the second-order term in h, ((J'~f (0) ). The diagrams to be summed up within the Born approximation are shown in Fig. 6 . Thus we obtain the following expression for ((J'~2f(z)):
where the differential operators 02< 1 > and 02< 2 >, corresponding to the diagrams in ..x..,
,.x., ,)I., )1.,
+·'"·JP,. 
P.
*> When one discusses the effect of fz, one must take into account non-Born terms in a consistent manner. By the way, naturally hH does not contribute to the d.c. conductivity.
For the spherically symmetric potential, these operators take simpler forms in the static limit w~o as 8 we find that
We continue the calculation to the fourth order in h. The fourth-order operator is which is related to i..£4 shown in Eq. (2 ·12) and expressed diagrammatically in the form of double circles as depicted in Fig. 8 . In the Born approximation we have only to calculate the diagram shown in Fig. 9 and the result is as follows:
where the differential operators 8 4< 1 >, 8 4< 2 > and 8,<sJ are defined in Fig. 10 and take simple forms in the limit of w~o :*l ,..A, 
~' p,())
:r:
which lead to the result that
if c7 is finite. § 6. Hall conductivity
The n-th Born term in the calculation of the Hall conductivity is found to be of the form ;4., .)(.,
___ + ---+l--.+1---L--+ ___ .___,., _ _
.,-*',
.. ~, 
,.-*-, which is shown to vanish in the same way as <0'.\;f(O) ). One can prove that <0'~4l (0)) also vanishes similarly.
In the case of the Hall conductivity, we have contributions from f 211 andf2 (see Eq. (2 · 26) ), which, as is easily seen, are at most of the following order:
(n.l : k1 2 r, ! (n.l :k~2r,
respectively, and thus less divergent m the limit of z-~o (or more accurately £0-70) than the Born terms (Eq. (6 ·1) ). Therefore they may be disregarded in the Born approximation. § 7. Comparison with the kinetic theory
The kinetic theory for the present system is developed by starting with the following Hamiltonian:
where Cp, cpt and ep are the annihilation and creation operators and the energy of a free electron with a momentum p, respectively. According to the timedependent perturbation theory, one has an equation for the evolution of the distribution function f(p, t) of an electron with a momentum p,'>· 5 > such as
-f(p+hk, t) [1-f(p, t)]}o(ap+hk-ep),
( 7 ·2) where the transition probability is. obtained within the usual quantum mechanical Born approximation and averaged over the random configurations of impurities. The r.h.s. of Eq. (7 · 2) can be written in the form of a differential operator as follows:
If we expand the expression of the operator Q (p) in the power of h, then we obtain the same operators as shown in the previous sections:
We have assumed that C6 and C7 which are included in 8 2's and 8/s respectively are well-defined, i.e., that the k-integrations giving C5 and C7 are convergent.
The higher-order terms are also easily seen to be equivalent to those obtained from the Wigner representation method. Hence, if one accomplishes the kintegral before summing up the power series with respect to h, one will have c2n+3 as the coefficient of h 2 ", and therefore it is necessary that c2n+a's for n = 0 to l are well-defined, in order for the expansion of the form as Eq. (7 ·5) to be possible up to the order of h 21 • When the k-integrations determining C2,.+a's for n>l+1 are divergent, the summation of the power series for n>l+1 should be taken before the k-integration. This situation will be discussed later. Before it, we show that the conductivity calculated from Eqs. (7 · 3) to (7 · 5) is equal to the one obtained previously. Using (7 · 3), we have an expression for the conductivity O",(z):
where f eq is the normalized equilibrium distribution function. We assume f eq to be Maxwellian and expand the resolvent (z-Q(p))-1 in the power of h. Then, making use of the relations (4·10), (5·7), (5·8), (5·12), (5·13) and (5·14), we find that the second-and fourth-order terms in h vanish and that the conductivity is written as
In the limit of a>--+0, this expression is the same as that obtained in previous sections. § 8. On the validity of the It-expansion According to Eqs. (7 · 5) and (7 · 6), we may say that after summing up terms of all orders in It in the Born approximation, we obtain an expression for the static conductivity:
In the case of spherically symmetric potential, the operator Q (p) has a desirable property as Thus we obtain an expression for the static conductivity: (8·4) Now that the complete form of the static conductivity is given, we can discuss the validity of the /i-expansion. In order to clarify the discussion, we shall present here two cases, I) The case in which the Fourier component of the potential has the following form:
For m>2, C8 is finite and therefore the classical limit exists. However, because which clearly shows that the contributions higher than h 6 are divergent when p-. integrated separately. Thus those terms higher than h 6 may not be written in the form of the power series. In fact, if we calculate the conductivity without e·xpanding ¢ (p) in the power of h in the example treated above (i.e., the case of m = 2); we have such a non-analytic contribution as h 8 log h in addition to the zeroth, fourth-and sixth-order terms in h. II) The case in which the Fourier component of the potential has the following form:
Vk= Voe-<kfol" ' (a>O) corresponding to the potential function as 
In this case, one has finite C's:
which will lead to the vanishing of all the terms except for the zeroth order one. However, this does not mean that cf;(p) is independent of h. In order to see it, we calculate if; (p) using Eq. (8 ·11) and obtain the following expressions: which are essentially singular functions of h.
The finiteness of C2n+a's shown in Eq. (8 ·14), which might lead to the wrong conclusion that if; (p) should be independent of h, is related to the following relation:
The expansion of the collision operator Q (p) in the power of h, which leads to the form'"'"'C2n+ah 2 n, gives no definite information about the analyticity of cf;(p) as a function of h. § 9.
Concluding remarks
Using the Wigner representation, we have expanded the d.c. and Hall conductivities of an electron-impurity system in powers of h and shown that the second-and fourth-order terms do not appear within the Born approximation if the expansion is reasonable. Here the Born approximation means that we calculate the conductivities to the lowest order with respect to the impurity-potential strength, and it tends to the quantum mechanical Born approximation when we sum up all order terms in h that are of the same order with respect to the impurity-potential strength (see § 7). One may easily check the validity condition for this approximation by estimating the neglected diagrams such as Figs. 1 (b) to (e) in the classical limit. The order-of-magnitude estimation shows that the following conditions are necessary for the diagrams of the types of Figs. 1 (b) and (c) to be negligible, respectively, compared with the contribution from One finds that, if these conditions are satisfied, one may also neglect those diagrams of the types of Figs. 1 (d) and (e). Since p 2 /2m~kBT in the Boltzmann statistics, the conditions will be satisfied in the low-impurity density limit if the potential is small compared with kBT and the k-integrations are convergent.
In the case of the screened Coulomb potential, the condition (9 · 2) cannot be satisfied because of the divergence of the k-integral at the upper limit, which seems to be attributed to the divergence of the potential at the origin. The integral defining C3 is divergent for the same reason, so the classical limit cannot be discussed within the Born approximation. This difficulty will be avoided in two ways, i.e., by the use of the quantum Born approximation or by the summation of all the diagrams of the type of Fig. 1 (c) . The answer to the former case is given by Eq. (8 · 3), which shows that the divergence of the k-integral at the upper limit is saved by the momentum-coordinate uncertainty, i.e., that, because of the uncertainty, an electron dose not feel directly the infinite potential at the positions of impurities. The answer to the latter case has not yet been obtained at present, however we may expect that, if we use the bare Coulomb potential instead of the screened one, we shall have an expression equivalent to Rutherford's formula *l as a result of the summation of all the diagrams of the type of Fig. 1 (c) .
The examples used in the previous section can satisfy the conditions (9 ·1) and (9 · 2). Examining the validity of the Born approximation in each order of li, **l one easily sees that the condition for li-expansion to be possible is the sufficient one for the Born approximation to be valid.
As was shown in the previous section, the vanishing of the second-and fourth-order terms dose not necessarily mean that the quantum corrections begin from the higher-order term. It includes the case where li=O is the essential singularity, depending upon the explicit form of the impurity potential. However, we may conclude from the examples of the previous section that the quantum corrections are negligible if the coordinate uncertainty corresponding to the momentum p, li/p, is much less than the potential range JC-1 • Moreover Eqs. (8 · 7), (8 ·15) and (8 ·16) show that the quantum effect acts to increase the conductivity, at least within the quantum Born approximation.
In the Wigner representation, the expansion in powers of 1i means that the conductivities are expanded in powers of lik/ p before k-and p-integrations. If the coefficients are divergent when integrated, one must sum up the power series with respect to li before the integrations.
When the impurity potential is anisotropic, the quantum corrections of the second-and fourth-order seem not to vanish in the Born approximation even if C. and C7 are well defined. However, it is not known at preseqt how this fact *J By the way, the equivalence between Rutherford's formula and the quantum Born approximation seems to be accidental. **l The conditions (9 ·1) and (9 • 2) are the ones in the zeroth order of h.
is related to the analyticity of ¢ (p ). Moreover, in this case, the operator 00 (p, w~O) does not satisfy such a simple relation as Eq. ( 4 ·12), so even the classical limit <T~~ is difficult to be· calculated. The case of an anisotropic potential is now under investigation. According to Kubo/' j 2H is a very important term which gives the Landau diamagnetism of conduction electrons. However, we have shown that the contributions of f 2H and j 2 to the conductivities are not included in the Born approximation. It is clear from the result of § 7 that they are also not included in the quantum Born approximation. Hence, it seems natural that these contributions do not appear in the usual naive theory of the Hall conductivity. If one wants to discuss the contributions f 2H and j 2, one must calculate at the same time the contributions from some diagrams similar to those in Figs. 1 (b) to (e) which are neglected in the Born approximation.
The effect of the Fermi statistics is left for the future work. is obtainable by a rotation in the k-space, which makes z-axis coincide with the direction of p.
